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The exact propagator for an electron in a constant uniform magnetic field as the sum over
Landau levels is obtained by the direct derivation by standard methods of quantum field
theory from exact solutions of the Dirac equation in the magnetic field. The result can be
useful for further development of the calculation technique of quantum processes in an
external active medium, particularly in the conditions of moderately large field strengths
when it is insufficient to take into account only the ground Landau level contribution.
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1. Introduction
Among astrophysical objects there exists a class of neutron stars which are called
magnetars. Magnetic field values exceed there the critical value of Be = m
2
e/e ≃
4.41× 1013 G, where me is the electron mass.a There is no longer possible to take
into account the field influence by the perturbations theory under such conditions
in the analysis of quantum processes. The detailed description of the calculation
technique of processes in external fields one can find, for example, in reviews and
books, see Refs. 1–6.
The magnetic field influence on the particle properties is determined by the spe-
cific charge, i. e. by the particle charge and mass ratio. Hence, the charged fermion
which is the most sensitive to the external field influence is the electron. The cal-
culations of specific physical phenomena in strong external field are based on the
application of Feynman diagram technique generalization. It consists in the fol-
lowing procedure: in initial and final states the electron is described by the exact
aWe use the Planck units: ~ = 1, c = 1, and the Minkowski metric with the signature (+,−,−,−) .
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solution of the Dirac equation in the external field, and internal electron lines in
quantum processes correspond to exact propagators that are constructed on the
basis of these solutions.
The expression for the exact electron propagator in the constant uniform mag-
netic field was obtained by J. Schwinger7 in the Fock proper-time formalism.8 There
are another propagator representations given in a number of works. Thus, in Ref. 9
the case was considered of superstrong field and the contribution of the ground
Landau level to the electron propagator was obtained. In Ref. 10, see also Ref. 11,
the propagator was transformed from the form of Ref. 7 into the sum over Landau
levels. Also in Ref. 11 the electron propagator decomposition over the power series
of the magnetic field strength was given .
In our opinion, it is quite important to know different representations of the
electron propagator in the external magnetic field and the conditions of their ap-
plicability. There were some examples where misunderstanding of such conditions
has led to erroneous papers. Thus, in Refs. 12, 13 the self-energy operator of neu-
trino in the magnetic field was calculated by the analysis of the one-loop diagram
ν → e−W+ → ν. The authors of the paper restricted themselves by consideration
of the ground Landau level contribution to the electron propagator. As was shown
in Ref. 14, the ground Landau level contribution is not dominant and the next levels
give the contributions of the same order of magnitude.
As we know, there is no such methodologically important issue in the literature
as a direct derivation by the standard quantum field theory methods of the exact
electron propagator in the external magnetic field in the form of the sum over
Landau levels from the exact solutions of the Dirac equation in a magnetic field.
The present paper is intended to fill this gap. The exact solution of the Dirac
equation for an electron in the external magnetic field on the nth Landau level
is given in Sec. 2. On the basis of these solutions, the detailed derivation of the
electron propagator is performed in Sec. 3. As a result, the propagator is written in
x-representation as the sum over Landau levels. In Sec. 4 the identity is shown of
the obtained expression for the propagator to the known result.10
2. The Solution of the Dirac Equation for an Electron in the
Magnetic Field
The Dirac equation for an electron with the mass m and the charge (−e), where
e > 0 is the elemetary charge, in magnetic field B with the 4-potential Aµ(X),
where X denotes the 4-vector, Xµ = (t, x, y, z), takes the form:(
i (∂ γ) + e (Aγ)−m
)
Ψ(X) = 0 , (1)
where (∂ γ) = ∂µ γ
µ, (Aγ) = Aµ γ
µ. For the case of the constant uniform magnetic
field directed along the z-axis, choosing the 4-potential as Aµ = (0, 0, xB, 0), it is
possible to write down the so-called solutions with positive and negative energy.
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The solution with positive energy is:
Ψ (+)n, py, pz , s(X) =
e− i (En t−py y−pz z)√
2En (En +m)Ly Lz
U (+)n, py, pz , s(ξ
(+)) , (2)
where n indicates the Landau levels: n = 0, 1, 2, . . . ; py, pz are the electron “mo-
mentum components” along y and z axes (see below); Ly, Lz are the normalization
sizes along y and z axes; s = ± 1 is the quantum number related to spin; En is the
electron energy on the nth Landau level:
En =
√
m2 + p2z + 2 β n , β ≡ eB . (3)
The bispinor U (+) has different forms for the cases s = − 1 and s = +1:
U
(+)
n, py , pz, s=−1
(ξ(+)) =


0
(En +m)Vn(ξ
(+))
− i√2 β nVn−1(ξ(+))
− pz Vn(ξ(+))


, (4)
U
(+)
n, py, pz, s=+1
(ξ(+)) =


(En +m)Vn−1(ξ
(+))
0
pz Vn−1(ξ
(+))
i
√
2 β nVn(ξ
(+))


, (5)
and for the ground Landau level, n = 0, the solution exists just at s = −1. The
variable ξ(+) is related with x coordinate by the relation:
ξ(+) =
√
β
(
x+
py
β
)
. (6)
Vn(ξ) are the harmonic oscillator functions expressed in terms of the Hermite poly-
nomials Hn(ξ):
Vn(ξ) =
β1/4√
2n n!
√
pi
e− ξ
2/2Hn(ξ) , Hn(ξ) = (−1)n eξ2 d
n
dξn
e− ξ
2
,
∫ +∞
−∞
|Vn(ξ)|2 dx = 1. (7)
It should be noted that in the above expressions pz is the conserved momentum
component of the electron along the z axis, i. e. along the field direction, while py
is the generalized momentum, which determines the position of the center x0 of the
Gaussian packet along the x axis, x0 = −py/β, see (6).
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The solution Ψ (−) with negative energy may be obtained from expressions (2),
(4) – (6) by changing the sign of values En, py, pz. The procedure of obtaining the
solutions can be found, for example, in Ref. 6.
3. The Propagator Calculation on the Basis
of the Dirac Equation Solutions
To calculate the electron propagator, the standard method is applied based on using
the field operators which include the Dirac equation solutions in a magnetic field:
Ψ(X) =
∑
n, py, pz, s
(
an, py , pz, s Ψ
(+)
n, py , pz, s(X) + b
†
n, py, pz , s Ψ
(−)
n, py, pz , s(X)
)
. (8)
Here a is the destruction operator of the electron, b † is the creation operator of the
positron, Ψ (+) and Ψ (−) are the normalized solutions of the Dirac equation (1) in a
magnetic field with positive and negative energy correspondingly.
The propagator is defined as the difference of time-ordered and normal-ordered
productions of the field operators (8):
S(X,X ′) = T
(
Ψ(X)Ψ(X ′)
)−N (Ψ(X)Ψ(X ′)) . (9)
Using anticommutation relations for the creation and destruction operators, we
obtain, that the propagator at t > t ′ and at t < t ′ is expressed in terms of the
solutions with positive energy (2) and negative energy correspondingly:
S(X,X ′)
∣∣∣
t≷ t ′
= ±
∑
n, py , pz, s
Ψ (±)n, py , pz, s(X) Ψ
(±)
n, py, pz, s(X
′) . (10)
Thus, the propagator is divided into the sum over Landau levels:
S(X,X ′) =
∞∑
n=0
Sn(X,X
′) . (11)
Further we will find the nth Landau level contribution into the propagator (10).
It is convenient to come from the summation over the momenta py and pz to the
integration, by the substitution
1
Ly Lz
∑
py, pz
→
∫
dpy dpz
(2pi)2
. (12)
For the nth level contribution we found:
Sn(X,X
′)
∣∣∣
t≷ t ′
=
1
2 (±En) (±En +m)
∫
dpy dpz
(2pi)2
×
× exp {i [∓En(t− t ′)± py(y − y ′)± pz(z − z ′)]} ×
×
∑
s=±1
U (±)n, py, pz , s(ξ
(±)) U (±)n, py, pz , s(ξ
(±) ′) . (13)
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After a simple but quite cumbersome transformations one can reduce the matrices
in Eq. (13), which are constructed from the bispinors (4), (5) and the corresponding
bispinors of the solution with negative energy, to:
1
±En +m
∑
s=±1
U (±)n, py, pz , s(ξ
(±)) U (±)n, py, pz , s(ξ
(±) ′) =
=
1
2n n!
√
β
pi
exp
[
− 1
2
(ξ(±))2 − 1
2
(ξ(±) ′)2
]{ (±Enγ0 ∓ pzγ3 +m)×
×
[
Π−Hn(ξ
(±))Hn(ξ
(±) ′) +Π+ 2nHn−1(ξ
(±))Hn−1(ξ
(±) ′)
]
+
+i 2n
√
β γ1
[
Π−Hn−1(ξ
(±))Hn(ξ
(±) ′)−Π+Hn(ξ(±))Hn−1(ξ(±) ′)
]}
, (14)
where the projection operators Π± are introduced:
Π± =
1
2
(I ± i γ1 γ2) , Π±Π± = Π± , Π±Π∓ = 0. (15)
One can see, that after changing the signs of integration variables py → −py and
pz → −pz in the expression (13) at t < t ′, the ± sign at t > t ′ and t < t ′ still
remains just in the sign at En. It is appropriate to use the following relation, where
the expression for energy (3) is taken into account:
f(±En)
2En
e∓ iEn(t−t
′)
∣∣∣
t≷ t ′
=
i
2pi
∫ +∞
−∞
dp0 f(p0) e
− i p0(t−t
′)
p2‖ −m2 − 2 β n+ i ε
, (16)
where p2‖ = p
2
0 − p2z. Hereafter we use the indices “‖” and “⊥” for denoting the
4-vector components, belonging to the pseudo-Euclidean subspace (0, z) and the
Euclidean plane (x, y): (a b)‖ = a0 b0− az bz, (a b)⊥ = ax bx+ ay by, (a b) = (a b)‖−
(a b)⊥.
Using the relation (16) we add to the expression (13) an integration over the zero
momentum component. As a result the propagator can be written at t > t ′ and at
t < t ′ identically. Renaming the variables ξ(+) = ξ, ξ(+) ′ = ξ ′, we reduce (13) with
taking into account (14) and (16) to the form of:
Sn(X,X
′) =
i
2n n!
√
β
pi
exp
(
− β x
2 + x ′ 2
2
)∫
dp0 dpy dpz
(2pi)3
×
× e
− i (p (X−X ′))
‖
p2‖ −m2 − 2 β n+ i ε
exp
{
− p
2
y
β
− py [x+ x ′ − i (y − y ′)]
}
×
×
{[
(pγ)‖ +m
]
[Π−Hn(ξ)Hn(ξ
′) +Π+ 2nHn−1(ξ)Hn−1(ξ
′)] +
+ i 2n
√
β γ1 [Π−Hn−1(ξ)Hn(ξ
′)−Π+Hn(ξ)Hn−1(ξ ′)]
}
. (17)
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It is worthwhile to note that the expression (11) with (17) for the electron
propagator in a constant uniform magnetic field as the sum over Landau levels in
the x-space has its own significance. In some cases, this form of the propagator can
be more convenient than other representations.
One can make an integration over py in the propagator (17) by introducing a new
variable
u =
py√
β
+
√
β
2
[x+ x ′ − i (y − y ′)] ,
and using the well-known integrals:15∫ ∞
−∞
e−u
2
Hn(u + a)Hn(u+ b) du = 2
n n!
√
pi Ln(−2 a b) ,∫ ∞
−∞
e−u
2
Hn(u + a)Hn−1(u+ b) du =
= 2n−1 n!
√
pi
1
b
[Ln(−2 a b)− Ln−1(−2 a b)] , (18)
where Ln(x) are the Laguerre polynomials:
Ln(x) =
1
n!
ex
dn
dxn
(
xn e−x
)
. (19)
As a result, the nth Landau level contribution into the electron propagator in a
magnetic field can be presented in the form:
Sn(X,X
′) = eiΦ(X,X
′) Sˆn(X −X ′) , (20)
where Φ(X,X ′) is the translational and gauge non-invariant phase, which is equal
for all Landau levels:
Φ(X,X ′) = − β
2
(x+ x ′)(y − y ′) .
For more details about properties of the phase, see, e. g., Ref. 6. Sˆn(Z) is the gauge
and translational invariant part of the propagator (Z = X − X ′), represented in
the form of the double integral over p‖:
Sˆn(Z) =
iβ
2pi
exp
(
− β
4
Z2⊥
)∫
d2p‖
(2pi)2
e− i (pZ)‖
p2‖ −m2 − 2 β n+ i ε
×
×
{[
(p γ)‖ +m
] [
Π− Ln
(
β
2
Z2⊥
)
+Π+ Ln−1
(
β
2
Z2⊥
)]
+
+ 2 in
(Z γ)⊥
Z2⊥
[
Ln
(
β
2
Z2⊥
)
− Ln−1
(
β
2
Z2⊥
)]}
. (21)
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4. The Electron Propagator in a Magnetic Field
as the Sum over Landau Levels
Let us compare the obtained expression (21) with the available expansion of the
propagator over Landau levels, given in Ref. 10. In that paper the propagator had
the form analogous to (20), but its gauge and translational invariant part was pre-
sented in the form of integral over 4-momentum (see note added in proof):
Sˆ(Z) =
∫
d4p
(2pi)4
S(p) e− i (pZ) , S(p) =
∞∑
n=0
Sn(p) , (22)
where
Sn(p) =
i
p2‖ −m2 − 2 β n+ i ε
{[
(p γ)‖ +m
] [
dn(v) − i
2
(γ ϕγ) d ′n(v)
]
−
− 2n dn(v)
v
(p γ)⊥
}
, v =
p2⊥
β
. (23)
The functions dn(v) have the form:
dn(v) = (−1)n e−v
[
Ln(2 v)− Ln−1(2 v)
]
, (24)
where Ln(x) are the Laguerre polynomials (19) with an additional definition
L−1(x) ≡ 0. The expression (γ ϕγ) = γα ϕαβ γβ contains the dimensionless ten-
sor of the external magnetic field ϕαβ = Fαβ/B. In the frame, where the field is
directed along the z axis, one has (γ ϕγ) = −2 γ1 γ2.
To ensure that our expression for the propagator (21) is consistent with
Eqs. (22), (23), it is enough to perform in Eq. (22) the integration over the momen-
tum components px, py, which are transverse to the field. Thus, the nth Landau level
contribution to the propagator is expressed via three different integrals I1, 2, 3(Z⊥)
in the Euclidean plane (px, py):
Sˆn(Z) =
∫
d2p‖
(2pi)2
i e− i (pZ)‖
p2‖ −m2 − 2 β n+ i ε
×
×
{[
(p γ)‖ +m
] [
I1(Z⊥)− i
2
(γ ϕγ) I2(Z⊥)
]
− 2n I3(Z⊥)
}
. (25)
An integration over the polar angle leads to the Bessel integral:
∫ 2pi
0
ei (ξ cosϕ−nϕ) dϕ = 2 pi inJn(ξ) , (26)
where Jn(ξ) is the Bessel function. As a result, the integrals I1, 2, 3(Z⊥) take the
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form:
I1(Z⊥) =
∫
d2p⊥
(2pi)2
dn(v) e
i (pZ)⊥ =
β
4pi
∞∫
0
dv J0(
√
β Z⊥
√
v) dn(v) ,
I2(Z⊥) =
∫
d2p⊥
(2pi)2
d ′n(v) e
i (pZ)⊥ =
β
4pi
∞∫
0
dv J0(
√
β Z⊥
√
v) d ′n(v) ,
I3(Z⊥) =
∫
d2p⊥
(2pi)2
dn(v)
v
ei (pZ)⊥ (p γ)⊥ =
= i
β3/2
4pi
(Z γ)⊥
Z⊥
∞∫
0
dv J1(
√
β Z⊥
√
v)
dn(v)√
v
,
where Z⊥ =
√
Z2⊥ =
√
(x− x ′)2 + (y − y ′)2. Calculating the integrals:15
I1(Z⊥) =
β
4pi
exp
(
− β
4
Z2⊥
)[
Ln
(
β
2
Z2⊥
)
+ Ln−1
(
β
2
Z2⊥
)]
,
I2(Z⊥) = − β
4pi
exp
(
− β
4
Z2⊥
)[
Ln
(
β
2
Z2⊥
)
− Ln−1
(
β
2
Z2⊥
)]
,
I3(Z⊥) = − i β
2pi
(Z γ)⊥
Z2⊥
exp
(
− β
4
Z2⊥
) [
Ln
(
β
2
Z2⊥
)
− Ln−1
(
β
2
Z2⊥
)]
,
and substituting them into (25), one finally obtains the expression, which coincides
with (21).
5. Conclusion
We have constructed the nth Landau level contribution to the exact electron prop-
agator in an external magnetic field, based on the Dirac equation exact solutions. It
is performed in the x-representation. The expression (11) with (17) for the propa-
gator can be more convenient than other representations in some cases. This result
could have a methodological significance for further developments of the calculation
technique for the analysis of quantum processes in an external active medium such
as hot dense plasma and strong electromagnetic fields. In particular, it could be
useful in the situation of the moderately large field strengths, when it is insufficient
to take into account only the ground Landau level contribution.
Note added in proof
There was an error in expression for the propagator in Ref. 10, namely, the term in
the second line of Eq. (4.33) should contain the factor (−i). This error was corrected
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in Ref. 11, Eqs. (39) and (40), and also in Ref. 16, Eqs. (13) and (14), but without
any comments. We thank M. I. Vysotsky for a discussion clarifying this point.
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